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We analytically obtain the maximum probability of converting a finite number of copies of an arbitrary two-
qubit pure state to a single copy of a maximally entangled two-qubit pure state via entanglement assisted local
operations and classical communications using a two-qubit catalyst state. We show that the optimal catalyst
for this transformation is always more entangled than the initial state but any two-qubit state can act as a (non-
optimal) catalyst. Interestingly, the entanglement of the optimal two-qubit catalyst state is shown to decrease
with that of the initial state. Entanglement assisted strategies for obtaining multiple Bell states are discussed.
Entanglement concentration (EC) [1] is the process of ob-
taining maximally entangled pure states given some initial
number of copies, N , of partially entangled pure states us-
ing local quantum operations and classical communications
(LQCC) [2]. Concentrated entanglement is an important re-
source for applications [3–5] and EC protocols are of funda-
mental interest in quantum information theory [4, 5]. Various
LQCC EC protocols, which work for different numbers of ini-
tial states and with varying efficiencies, are known [1, 6, 7].
Although LQCC is a natural operational paradigm, where ob-
servers Alice and Bob each possess and operate only on part
of a quantum system while coordinating their actions through
classical communications, more efficient EC protocols can be
obtained using entanglement-assisted local quantum opera-
tions and classical communications (ELQCC) [8, 9]. In this
process, an ancillary entangled pure state, called the catalyst
state, shared by Alice and Bob is utilized as part of an overall
LQCC process to enhance its efficiency and the catalyst state
is recovered intact at the end. Here, we analytically obtain
the maximum probability of success for an EC protocol trans-
forming N -copies of a two-qubit pure state to a single copy
of a maximally-entangled two-qubit pure state, or Bell state,
when provided with entanglement assistance in the form of a
two-qubit pure state catalyst.
In the case of a large number of copies, N → ∞, of a
two-qubit pure state, ∣α⟩ = √α ∣00⟩ + √1 − α ∣11⟩, a fun-
damental result [1] is that the number, M , of Bell states∣φ⟩ = (∣00⟩ + ∣11⟩)/√2, obtainable using LQCC achieves the
value, M = SV N(α)N , with SV N(α) = −α log2(α) − (1 −
α) log2(1−α) - the Von Neumann entropy of the reduced ini-
tial state. The result is interpreted to mean that a fraction,
f = M/N , of the initial states are deterministically trans-
formed to Bell states. A single Bell state, in the limit of an
asymptotic number of copies of ∣α⟩ with α ≠ 1, can always be
obtained with certainty. In the other limit, for N = 1, a Bell
state can be obtained only probabilistically via LQCC with the
maximum probability being, P = 2(1 − α) < 1, [6, 7] since
without loss of generality α ≥ 0.5. However, ELQCC does
not increase the success probability of a transformation from
a single copy of a two-qubit state to a Bell state. Therefore,
in both these limits, i.e. N → 1 and N → ∞, entanglement
assistance does not help, that is, it cannot increase the number
of Bell states, M , obtained asymptotically nor can the success
probability, P , be increased for a single copy of ∣α⟩. How-
ever, in the intermediate regime of N , ELQCC can increase
the expectation value of entanglement obtained in the form of
maximally entangled states (of any dimension) in an EC pro-
cedure [8].
We show that for finite N ≥ 2 entanglement assis-
tance increases the success probability of the transformation,∣α⟩⊗N → ∣φ⟩. We analytically find that while all pure and en-
tangled two-qubit states can act as catalysts for this tansforma-
tion, i.e. increase its success probability, the optimal catalyst
must be more entangled than the initial state ∣α⟩. Remarkably,
we find that the entanglement of the optimal catalyst decreases
with that of the initial state. Further, we find that the use of
an ELQCC procedure for EC is most beneficial for smaller
number of copies, N , of the initial state. To close, we com-
ment on ELQCC strategies to obtain multiple copies of Bell
states. Obtaining catalysts for entanglement transformations
is in general a difficult problem analytically while numerical
searches do not provide much insight into the general proper-
ties of catalyst states.
Entanglement assistance via the presence of a catalyst state,∣C⟩, can enable an otherwise impossible LQCC entanglement
transformation [8], i.e., ∣ψ⟩ /→
LQCC
∣φ⟩
∣ψ⟩ ∣C⟩ →
LQCC
∣φ⟩ ∣C⟩ . (1)
This result is based on Nielsen’s theorem [10] which provides
a criterion for allowed LQCC transformations from one pure
quantum state to another. The criteria states that the transfor-
mation from an initial state ∣I⟩ to a final state ∣F ⟩ is possible
with certainty, i.e. P (I → F ) = 1, iff the sets of the squares
of the non-increasingly ordered Schmidt coefficients (OSC),
λ¯I = (λI1 ≥ λI2 ≥ ... ≥ λId) and λ¯F = (λF1 ≥ λF2 ≥ ... ≥ λFd )
with respect to the bipartition that defines the local quantum
systems, obey the majorization relation,
λ¯I ⪯ λ¯F , (2)
which is shorthand to denote that ∑kj=1 λIj ≤ ∑kj=1 λFj ∀1 ≤
k ≤ d. In case of incommensurate states, i.e. where the OSCs
of the initial and final states do not obey Eq. (2), Vidal [11]
showed that the transformation from ∣I⟩ → ∣F ⟩ is possible
only probabilistically with the maximum probability given by,
P (I → F ) = min
1≤l≤d El(∣I⟩)El(∣F ⟩) , (3)
where El(∣I⟩) ∶= 1−∑l−1j=0 λIj and λ0 = 0. For a pair of incom-
mensurate states, Ref. [8] further showed that entanglement
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2catalysis can increase the efficiency, PC(I → F ) > P (I →
F ), of probabilistic transformations. It is this approach we
take to obtain catalysts that can maximize the LQCC entan-
glement concentration success probability of a finite number
of two-qubit pure states.
For the problem of entanglement concentration of multiple
copies of 2-qubit pure states, ∣α⟩ = √α ∣00⟩+√1 − α ∣11⟩, we
have the initial and final states of the form,∣ψ⟩ = ∣α⟩⊗N∣φ⟩ = (∣00⟩ + ∣11⟩)/√2, (4)
which will be provided entanglement assistance via the
catalyst state ∣C⟩. We will first consider a fixed number of
copies, N , in the above. Nielsen’s theorem applied to the
state pair of the form in Eq. (4) implies the following,
Proposition: If the states ∣ψ⟩ → ∣φ⟩ are incommensurate, no
catalyst can make the transformation deterministic.
Proof. First, note that incompatibility arises iff λI1 > λF1 since
λF1 + λF2 = 1 and ∑kj=1 λIj ≤ 1∀1 ≤ k ≤ d. Thus, the OSCs
of the product states ∣ψ⟩ ∣C⟩ and ∣φ⟩ ∣C⟩ remain incompatible
since their largest Schmidt coefficients follow, λI1c1 > λF1 c1,
whereas ∑kj=1 λIj ≤ ∑kj=1 λFj ∀ 2 ≤ k ≤ d. Here, c1 is the
square of the largest Schmidt coefficient of ∣C⟩.
For a fixed N ≥ 1, we focus on transformations ∣ψ⟩⊗N →∣φ⟩ that are not possible with certainty using LQCC. The
OSCs of the two states form probability vectors of length 2N
and are given by,
λ¯ψ = {αN ≥ αN−1(1 − α) ≥ αN−2(1 − α)2 ≥ ... ≥ (1 − α)N}
λ¯φ = {0.5 ≥ 0.5 ≥ 0 ≥ ... ≥ 0} (5)
where the Schmidt coefficients αN−p(1−α)p of ∣ψ⟩ have mul-
tiplicities of (N
p
) and 0.5 ≤ α ≤ 1. The optimal success proba-
bility for such a transformation as given by Eq. (3) is,
P (ψ → φ) = min[1,2(1 − αN)]. (6)
For LQCC transformations that are probabilistic the minimum
in the R.H.S. above is less than unity. Therefore, we have that
2(1 − αN) < 1 Ô⇒ α > (1/2)1/N . For such states we
would like to find a catalyst, ∣C⟩ = √c ∣00⟩ +√1 − c ∣11⟩, i.e.
a pure state on a qubit pair that provides the largest boost to
the success probability, PC(I → F ), of the transformation,∣I⟩ = ∣ψ⟩ ∣C⟩ →
LQCC
∣F ⟩ = ∣φ⟩ ∣C⟩ . (7)
To obtain PC(I → F ), first we need to evaluate the terms in
the R.H.S of Eq. (3). This requires the OSCs of the initial and
final states. The OSCs of the final state ∣F ⟩ are,
λ¯F = {0.5c,0.5c,0.5(1 − c),0.5(1 − c),0, ...,0}, (8)
with 0.5 ≤ c ≤ 1 where the zeros following the non-zero en-
tries make the length of λ¯F match the dimension of the ini-
tial state dim(∣I⟩) = 2N × 2. Now, we note that the min-
imization problem in Eq. (3) is restricted to the first four
values of l since, El(∣F ⟩) = 0∀l ≥ 5, and thus the ratios,
rl(α, c) ∶= El(∣I⟩)/El(∣F ⟩) = ∞, for l ≥ 5 do not contribute
to the complexity of the minimization in our case. Therefore,
only the first four monotones, El, of the initial and final states
are required. These can be obtained if the first 3 entries of the
OSCs of the initial and final states are known. For the final
state (in the entire domain c ∈ (0.5,1)) we have that,
E1(∣F ⟩) = 1,
E2(∣F ⟩) = 1 − c/2,
E3(∣F ⟩) = 1 − c,
E4(∣F ⟩) = (1 − c)/2. (9)
For the initial state ∣I⟩, the OSCs can have the following two
orderings (of relevance are the first three entries of each) based
on the value of c relative to α,
λ¯I1 = {cαN > (1 − c)αN > cαN−1(1 − α) > ... > (1 − c)(1 − α)N}
(10)
which holds for 0.5 < c ≤ α whereas for α < c ≤ 1,
λ¯I2 = {cαN > cαN−1(1 − α) > (1 − c)αN > ... > (1 − c)(1 − α)N}
(11)
where the first three entries of λ¯I1 have multiplicities 1,1,N ,
while the multiplicities for the ordered entries of λ¯I2 is 1,N,1
respectively. Thus, for the two parts of the domain for c the
monotones El(∣I⟩) of the initial state evaluate to,
E1(∣I⟩) = 1, c ∈ (0.5,1)
E2(∣I⟩) = 1 − cαN , c ∈ (0.5,1)
E3(∣I⟩) = {1 − αN , 0.5 < c ≤ α
1 − cαN−1, α < c < 1
E4(∣I⟩) = {1 − αN − cαN−1(1 − α), 0.5 < c ≤ α
1 − cαN−1 − cαN−1(1 − α), α < c < 1 (12)
From Eqs. (9) and (12) we have the four ratios of the entan-
glement monotones as functions of α, c and N ,
r1(α, c,N) = 1, c ∈ (0.5,1)
r2(α, c,N) = 1 − cαN
1 − c/2 , c ∈ (0.5,1)
r3(α, c,N) = ⎧⎪⎪⎨⎪⎪⎩
1−αN
1−c , 0.5 < c ≤ α
1−cαN−1
1−c , α < c < 1
r4(α, c,N) = ⎧⎪⎪⎨⎪⎪⎩
2(1−αN−cαN−1(1−α))
1−c , 0.5 < c ≤ α
2(1−cαN−1−cαN−1(1−α))
1−c , α < c < 1 (13)
Evaluation of the minimum among the ratios of entan-
glement monotones: First, note that for N = 1 the mini-
mum of the ratios in the above set of equations is given by,
r4(α, c,N) = 2(1 − α), which is equal to the LQCC proba-
bility without a catalyst for all values of 0.5 < c < 1. Thus,
a catalyst cannot help increase the success probability of a
LQCC transformation of a single copy of ∣α⟩ to ∣φ⟩. This is
3consistent with the fact that catalysis is impossible when the
initial and final states are both two-qubit states [8].
For N ≥ 2, the minimum of the ratios rl(α, c,N) for l =
2,3,4 determine the probability of a successful catalyzed con-
version from ∣ψ⟩⊗N → ∣φ⟩ (since r1(α, c,N) = 1). For this we
use the derivatives and continuity properties of r2, r3, r4 to de-
termine the minimum among the three. It turns out that for all
values of, α > (1/2)(1/N), the function r2(α, c,N) decreases
with c with its maximum value rmax2 = (4/3)(1 − αN /2) as c
approaches 0.5. On the other hand, the function r3(α, c,N)
increases with c in both parts of its domain. It is continuous
across the domain boundary c = α and has a minimum value
of rmin3 = 2(1−αN) as c approaches 0.5. The minimum value
of r2(α, c,N) is given by rmin2 = 2(1 − αN) as c approaches
1 whereas the value of r3(α, c,N) diverges as c → 1. There-
fore, for fixed α,N the curves for r2(α, c,N) and r3(α, c,N)
as a function of c intersect in the domain c ∈ (0.5,1). Further,
note that rmax2 ≥ rmin3 for α ≥ (1/2)(1/N). Finally, the mini-
mum of the ratios is never given by the value of the function
r4(α, c,N) in any part of the domain c ∈ (0.5,1) as shown in
the following.
For c ≤ α, one can show that r4(α, c,N) ≥ r3(α, c,N) for
all N ≥ 2, so that r4(α, c,N) is not the least of the ratios as
follows,
r4(α, c,N) = 2(1 − αN − cαN−1(1 − α))
1 − c= 1 − αN
1 − c + 1 − αN − 2cαN−1(1 − α)1 − c= r3(α, c,N) + p(α, c)
1 − c (14)
Now we note that the function, p(α, c,N) = 1 − αN −
2cαN−1(1−α), is a decreasing function of c since α, (1−α) ≥
0. So w.r.t. c the function takes its minimum value at
c = α given by, pmin,c(α) = 1 + αN(2α − 3). This mini-
mum value decreases with α since the sign of the derivative
dpmin,c(α)/dα < 0 for α < (3/2) NN+1 which always holds for
N ≥ 2. The minimum value with respect to both arguments is
at c = α and α = 1 and is given by pmin,c,α = 0.
For α < c < 1, one can show that r4(α, c,N) ≥ r3(α, c,N)
for N ≥ 3 whereas r4(α, c,N) ≥ r2(α, c,N) for N = 2, so
that also in this region r4(α, c,N) is not the least of the ratios
as follows. From Eq. (13) we have,
r4(α, c,N) = 1 − cαN−1
1 − c + 1 − cαN−1 − 2cαN−1(1 − α)1 − c= r3(α, c,N) + q(α, c)
1 − c , (15)
where the function, q(α, c,N) = 1−cαN−1−2cαN−1(1−α) =
1 − cαN−1(3 − 2α), is a decreasing function of c. Therefore,
the minimum of q(α, c,N) w.r.t. c is at c = 1 and is given by
qmin,c(α) = 1+αN−1(2α−3). This minimum value decreases
with α if the derivative dqmin,c(α)/dq < 0 which requires α ≤(3/2)(N − 1)/N that always holds for N ≥ 3. The minimum
of qmin,c(α) is therefore at α = 1 given by qmin,c,α = 0 for
N ≥ 3. For N = 2, we have that, (3/2)(N − 1)/N = 3/4, so
P(I→
F
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FIG. 1. Ratio of entanglement monotones as a function of the
catalyst-state Schmidt coefficient, c, with fixed α = 0.85 and
N = 2. Shown in Blue is r2(0.85, c,2) which monotonically de-
creases while r3(0.85, c,2), in Green, monotonically increases with
c. r4(0.85, c,2) shown in Red is never the minimum of the three
monotones. The value of c at the intersection point of the Blue and
Green curves gives the optimal catalyst (vertical dashed line). The
horizontal dashed line shows the probability for the LQCC transfor-
mation ∣α = 0.85⟩⊗2 → ∣φ⟩.
qmin,c(α) < 0 for (3/4) < α < 1. However, for this range of α
and N = 2, we can show r4(α, c,N = 2) ≥ r2(α, c,N = 2) by
evaluating their difference,
r4(α, c,N = 2) − r2(α, c,N = 2)
= 2[1 + ( 2c2−4cα + (3c − 2c2))α2](1 − c)(2 − c)
= s(α, c)(1 − c)(2 − c) , (16)
where, s(α, c) = 2[1+( 2c2−4c
α
+(3c−2c2))α2]. Note that the
term (2c2 − 4c) decreases with increasing c∀c < 1 while the
term (3c − 2c2) decreases with increasing c for (3/4) < c < 1.
Therefore, the minimum value of s(α, c) in this range is at
c = 1 given by smin,c(α) = 2(1 − α)2 which is always greater
than or equal to zero. ◻
These facts together imply that the maximum probability of
a LQCC conversion, ∣I⟩ → ∣F ⟩, is obtained where the curves
for r2(α, c,N) and r3(α, c,N) w.r.t. c intersect for a fixed α
and N , see figure (1). The intersection point, copt(α,N), is
obtained from the solution of one of the quadratic equations,
r2(α, c,N) = rc≤α3 (α, c,N), or, r2(α, c,N) = rc>α3 (α, c,N),
as given by Eq. (13). We find that the latter has solutions,
c = 0 or c > 1, which are unacceptable for a physically mean-
ingful catalyst state, whereas the former equation provides an
acceptable solution,
copt(α,N) = 1 + 3αN − {(1 + 3αN)2 − 16α2N}1/2
4αN
. (17)
4The Schmidt coefficient, copt(α,N), identifies a two-
qubit catalyst pure state, ∣Copt(α,N)⟩ = √copt(α,N) ∣00⟩ +√
1 − copt(α,N) ∣11⟩, that provides the maximum success
probability in an ELQCC procedure to obtain a maximally
entangled two-qubit state from N -copies of partially entan-
gled pure states. This probability is given by the value of
r2(α, copt,N) or r3(α, copt,N),
PmaxC (I → F ) = 1 − αN1 − copt(α,N) (18)
Further, since copt(α,N) < α the optimal catalyst state is
always more entangled than ∣α⟩. However, even those states,∣C⟩ = √c ∣00⟩ + √1 − c ∣11⟩, with c ≠ copt(α,N) can act
as (non-optimal) catalysts. This is because for such states∣C⟩ in the region c < copt(α,N) the minimum of the ra-
tios, r3(α, c,N), is still greater than the LQCC transforma-
tion probability of 2(1 − αN) as can be seen by evaluating
r3(α, c,N) for c < α, see the Green curve in figure (1).
Whereas for those states in the region c > copt(α,N) the
minimum of the ratios, r2(α, c,N), is again greater than the
LQCC transformation probability of 2(1 − αN), see the Blue
curve in the same figure.
We remark that the transformation ∣I⟩ → ∣F ⟩ can be
achieved via LOCC operations jointly on the N -copies of the
initial state and one-copy of the catalyst state in a two step
procedure [6, 10, 11] we briefly outline. In the first step a tem-
porary state ∣Γ⟩ that majorises the initial state is obtained with
certainty, i.e., ∣I⟩ ≺ ∣Γ⟩, via a sequence of LOCC operations
on corresponding two-dimensional subspaces of Alice’s and
Bob’s systems (of Hilbert space dimension 2N+1 each). That
is, a single LOCC operation involves two-levels ∣i⟩A , ∣j⟩A on
Alice’s systems and the corresponding two levels ∣i⟩B , ∣j⟩B
of Bob’s systems with i, j ∈ [1,2N+1]. Note that the opera-
tions on states, {∣i⟩A,B}i, involve the collective manipulation
ofN -qubits of the shared initial state and 1-qubit of the shared
catalyst state. The number of such (α, c)-dependent two-level
operations is upper bounded by (2N+1 − 1). In the second
step, Bob performs a two-outcome generalized measurement
on his portion of the shared state ∣Γ⟩. For one of the out-
comes, which occurs with probability given by Eq. (18), the
post-measurement state obtained is ∣F ⟩ therefore in this case
the catalyst state is recovered along with a Bell state whereas
the other outcome signals the failure of the catalytic process
and the post-measurement state may be discarded.
Now, we note from Eqs. (13) and (17) the following prop-
erties,
1. An optimal two-qubit catalyst state always exists for
N ≥ 2-copies of every state ∣α⟩ with α ∈ ((1/2)1/N ,1).
2. The optimal catalyst state is always more entangled
than ∣α⟩ since copt(α,N) < α.
3. Any pure and entangled two-qubit state can act as a cat-
alyst, that is, it provides a positive boost to the success
probability of the ∣ψ⟩⊗N → ∣φ⟩ ,N ≥ 2 transformation
in an entanglement assisted procedure.
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FIG. 2. Ratio of success probability for the transformation, ∣ψ⟩⊗N →∣φ⟩, using optimal catalysis to that without catalysis. The curves from
left to right are for different number of copies N = 2,4,8,16,32.
4. Optimal self-catalysis is not possible, that is,
copt(α,N) ≠ α for any N and α < 1. However,
an additional copy of the state ∣α⟩ can act as a
non-optimal catalyst.
5. The optimal catalyst state ∣Copt(α,N)⟩ becomes less
entangled as the state ∣α⟩ becomes less entangled (α →
1) since the derivative, dcopt(α,N)/dα > 0, in the re-
gion α ∈ (0.5,1)∀N ≥ 2.
6. Catalysis with the optimal state is more beneficial if the
initial state is less entangled, that is, the ratio of LQCC
success probability with optimal catalysis to that with-
out, P
max
C (I→F )
P (ψ→φ) increases as α → 1, see figure (2).
7. Catalysis with the optimal two-qubit catalyst state is
more effective for a smaller number of copies, N , of
the initial state, see figure (2).
As a consequence of remark 3, we note that for a set of two-
qubit pure states, S = {∣αi⟩}i (none of which is a maximally
entangled state), any two-qubit pure state can act as a common
catalyst for all transformations,
∣αi⟩⊗Ni → ∣φ⟩ , Ni ≥ 2. (19)
For obtaining multiple copies of Bell states higher dimen-
sional catalysts are more efficient [12]. For example, the ini-
tial state ∣α⟩⊗N (with even N ) can be transformed to ∣φ⟩⊗m
with a catalyst of the form ∣Copt(α,2)⟩⊗N/2 in a pairwise
ELQCC procedure where the number of obtained Bell states,
m = 0,1,2, .., n = N/2, is binomially distributed. The proba-
bility of obtainingmBell states is given by pm = (N/2m )pm(1−
p)N/2−m with p = PmaxC (I → F ) as in Eq. (18), where ∣I⟩ =∣α⟩⊗2 ∣Copt(α,2)⟩ and ∣F ⟩ = ∣φ⟩ ∣Copt(α,2)⟩. The expected
entanglement, ⟨E⟩ = ∑m pm ∗m = (N/2)PmaxC (I → F ), in
this entanglement concentration procedure, that we will call
strategy-1, is linear in the number of copies N of the initial
state ∣α⟩.
5To obtain a target number, m∗, of Bell states, however, a
different method, strategy-2, may be more beneficial. In such
a strategy, the initial N -copies of ∣α⟩ may be grouped into
m∗ sets each of cardinality Nj such that, ∑j=m∗j=1 Nj = N .
The probability of obtaining m∗ Bell states will then be the
maximum of the product of probabilities maximized over the
size of the sets, pm∗ = Max{Nj}j ∏j=m∗j=1 Pj , where Pj is
the probability of the transformation, ∣α⟩⊗Nj → ∣φ⟩. For
sets with Nj ≥ 2 one can use an ELQCC transformation
procedure, so that for such sets Pj = PmaxC (I → F ) with∣I⟩ = ∣α⟩⊗Nj ∣Copt(α,Nj)⟩ and ∣F ⟩ = ∣φ⟩ ∣Copt(α,Nj)⟩. The
different cardinalities, Nj , of the sets allows one to maximize
the catalysis success probability using the appropriate catalyst∣Copt(α,Nj)⟩ for each set.
The choice of the advantageous strategy depends on the
number of copies available N , the value of α and the number
of copies of the Bell state m∗ desired as the output of the cat-
alyzed entanglement concentration procedure. To compare,
strategies-1 and 2 as described above, consider as an example
the case when N = 6 and α = 0.99. If m∗ = 2 copies of Bell
states are desired as output then strategy-1 yields a probability
of 0.034 whereas strategy-2 utilizing 2 sets of 3-copies of ∣α⟩
each, yields a probability of 0.065. On the other hand if only
a single copy of a Bell state is the desired output, i.e. m∗ = 1,
then strategy-1 yields a probability of 0.391 whereas strategy-
2 utilizing 1 set of 6-copies of ∣α⟩ each yields a probability of
0.362.
It will be interesting to apply the results of catalytic en-
tanglement concentration to increase the efficiency of entan-
glement distribution protocols in quantum repeaters [13]. The
latter distribute entanglement over long distances by purifying
and connecting entanglement generated over smaller length
segments. While the entanglement generated over the seg-
ments is typically in the form of mixed states, some models
of channel noise, e.g. [14], can lead to non-maximally entan-
gled shared pure states between the repeater stations. In such
cases, if ELQCC is utilized to extract states with high fidelity
to a Bell state in each repeater segment more efficiently than
LOCC based repeater protocols then the overall distribution
rate of the repeater can benefit significantly. This would re-
quire adaptive operations at the repeater nodes since the trans-
formation ∣I⟩ → ∣F ⟩ is achieved via α-dependent local uni-
taries and measurements by Alice and Bob. Copies of the ini-
tial states may be generated and stored on matter qubits that
have an efficient light-matter interface while storing the cata-
lyst state in long-lived quantum memories [15] at the repeater
nodes during the ELQCC process. This may allow the reuse
of the catalyst state multiple times as allowed by the transfor-
mation success probability. Quantum repeater architectures
based on the combination of qubits with excellent communi-
cation properties and those with long lifetimes, e.g. [16], can
thus be good candidates to exploit catalytic entanglement con-
centration.
In summary, we analytically obtained a two-qubit catalyst
pure state that maximizes the success probability of an entan-
glement assisted LQCC procedure to convert a given number
of copies of a partially entangled pure state to a single copy
of a maximally entangled two-qubit state. The supplied en-
tanglement assistance is minimal since the catalyst is an en-
tangled state of Schmidt rank equal to 2. Although, a higher
rank catalyst cannot make the transformation deterministic,
the maximum transformation success probability with a cata-
lyst of any rank is an open question. In contrast with numeri-
cal searches for catalyst states, the analytical derivation of the
optimal catalyst state reveals multiple properties of the cat-
alytic process and raises interesting questions about possible
applications.
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